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Using projective construction, a generalized parton construction, we construct many non-Abelian 
quantum Hall (QH) states, which include the Pfafhan state at filling fraction v — 1/2. The projective 
construction allows us to calculate the bulk and the edge effective theory for the constructed QH 
state. We illustrate how to use the bulk effective theory to calculate the ground state degeneracy 
of non-Abelian QH liquids on torus. We point out that the full description of the effective theory 
requires both the effective Lagrangian and the definition of electron operators. The latter generates 
all physical states and defines the gauge structure of the theory. 

PACS numbers: 73.40.Hm; 73.20.Dx 



i 

-a 
c 

o 
o 



oo 



i 

C 

O 

o 



I. INTRODUCTION 



QH liquids as a fundamentally new state of matter con- 
tain a new kind of order - the topological order. The 
different topological orders in the QH liquids can be di- 
vided into two classes. The topological orders in the first 
class - the Abelian topological orders - are labeled by K- 
matrix, || which were believed to describe most of the 
observed QH liquids. The second class of topological or- 
ders - the non-Abelian topological orders - also exists in 
QH liquids. §,| The quasi-particle in the non-Abelian 
QH states carry non-Abelian statistics, and their edge 
states cannot be described by "edge phonons" (which is 
a collection of harmonic oscillators). 

There are two ways to construct non-Abelian QH 
states. One ||,[^|l(]-[l^] is through correlation function 
in conformal field theories (CFT), and the other |||| is 
through the parton construction. [ ]l3| , |l4j Both construc- 
tions allow us to calculate the structures of edge states. 
P,p|Jg| Jll]Jl^] However, only the parton construction al- 
lows us to calculate the bulk effective theories, which 
turn out to be Chern-Simons (CS) theories. 

In this paper we introduce the projective construc- 
tion which generalizes the parton construction. Using 
the projective construction, we can construct many old 
and new non-Abelian (and Abelian) QH states, which 
include both the v = 1 bosonic Pfaffian state and the 
v = 1/2 fermionic Pfaffian state, QJlf 
the d-wave paired state introduced in Ref. 
jective construction allows us to calculate both the bulk 
and the edge effective theories for the constructed QH 
states. The bulk effective theories are complete enough 
to allow us to calculate the ground state degeneracies on 
torus. 

Using the projective construction, we find the effec- 
tive theories for the v = 1 bosonic Pfaffian state and the 
v = 1/2 fermionic Pfaffian state to be the S0(5)i and 
the U(l) x 50(5)1 CS theories. From those effective the- 
ories, we calculated the ground state degeneracies for the 
both states, which are 3 and 6 on torus. We also calcu- 



lated the edge effective theories for the two states. The 
results agree with the previous results obtained through 
the wave functions. |BMiLBi,HHl 
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The effective theories of the v — 1 bosonic Pfaffian 
state and the v =1/2 fermionic Pfaffian state have been 
obtained before using different approaches. The SO(5)± 
CS effective theory for the v = 1 bosonic Pfaffian state 
obtained here is formally different from the SU (2)2 CS 
effective theory obtained in Ref. (T^j. Despite both the- 
ories give three degenerate ground states on torus, the 
meaning of the gauge fields and the coupling to the ex- 
ternal electromagnetic field are quite different. The 
effective theory for the v = 1/2 fermionic Pfaffian state 
obtained in Ref. 17 is very unusual (which cannot be re- 
garded as an ordinary CS theory). It is not clear if such 
an effective theory is equivalent to our U(l) x 50(5)1 CS 
effective theory for the v = 1/2 fermionic Pfaffian state. 
In particular it is not clear whether the effective theory 
in Ref. Q reproduces the six degenerate ground states 
on torus. Another form of effective theory - the non- 
Abelian Ginzburg-Landau CS theory - was obtained in 
Ref. |Q to describe the Pfaffian states. Since the ground 
state degeneracies were not calculated, the relation be- 
tween the effective theories in Ref. |Q and the effective 
theories obtained in this paper is unclear at the moment. 

In section 2 we introduce the projective construction 
using the U(l)i x SU(2) n non-Abelian state as an ex- 
ample. In section 3 we use the projective construction 
to construct the v = 1 bosonic Pfaffian state and the 
v = 1/2 fermionic Pfaffian state. This allows us to obtain 
the bulk and the edge effective theories for the two states. 
The projective construction also allows us to construct 
many new non-Abelian states and calculate their bulk 
and edge effective theories. In section 4 we give a general 
discussion on the projective construction. In particular 
we point out the importance of the electron operators in 
defining the effective bulk theory. We illustrate how the 
discrete gauge structure in the effective theory can affect 
physical quantities, such as the ground state degeneracy. 
The projective construction is a very powerful construc- 
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tion which can be used to construct many different QH 
states (both Abelian and non-Abelian). In section 5 we 
illustrate how to use the projective construction through 
some simple examples. 

II. PROJECTIVE CONSTRUCTION AND 
U(1) L x SU(2) N NON-ABELIAN STATES 

In this section we are going to use the projective con- 
struction to construct the U(l)i x SU(2) n non-Abelian 
states. || We start with the simplest example and then 
generalize to more complicated cases. 

We start with a non-Abelian state of spin-1 (bosonic) 
electrons. || The wave function is given by 

$ b (zi,TOi;z 2 ,TO 2 ; ...) 
where = 0, ±1, 

(2) 

and Xs(zi, ai; ...) is the wave function of spin-1/2 
fcrmions with the first Landau level filled by the spin-up 
and spin-down particles. One way to see that the above 
state is a non-Abelian state is to derive its low energy 
effective theory. 

To construct the above wave function using the projec- 
tive construction, we start with the following free fermion 
wave function for two species (labeled by a = 1,2) of 
spin-1/2 partons ij) aa : 

Spartan = Xs(z[ , OLy, —)Xs {%{ , Pi] ■••) (3) 

where a*, Pi =T, I are spin-1/2 indices. Then we combine 
the two spin-1/2 partons into a spin-1 electron. In terms 
of the electron operator *S> m (z) and the parton operator 
ifiaa(z), the combination can be expressed as 

*m(*) = 1paa(z)lpbl3(z)e ab C^ (4) 

where a,b = 1,2. One can easily see that after setting 
z^p = zj 2 ^ = Zi and symmetrizing a* and pi using C 1 ™^, 
^parton in Eq. (||) reduces to 3> b Eq. ([!]). Or more pre- 
cisely 

$ (z\, mi; Z2, TT12] ... parton 

) (5) 

where \ $> pa rton) is the independent parton state described 

by parton- 

To obtain the effective theory for state f^z,,™,;), we 
start with the effective theory for independent partons 



1 e 
2m 2 

whose ground state is \& pa rton)- The effective theory 
for the state <E ,h is obtained by combine the two kinds 
of partons in the above effective theory into electrons. 
Notice that the effective theory for independent partons 
contain SU(2) excitations created by V'aa T i&' ! /'ba where 
t 1 are Pauli matrices. We will call such a SU(2) the 
color SU(2) to distinguish from the SU(2) spin rotation. 
From Eq. (|j) we see that the electron operator ty m (z) is a 
color SU(2) singlet. All physical excitations (created by 
electron operators) are color singlets. Thus to combine 
the partons into electrons, we simply need to remove all 
the "colored" excitation from the parton theory Eq. (|^) 
and project into local color singlet sector. The projection 
can be realized, at the Lagrangian level, by introducing 
a SU (2) gauge field which couples to the current and the 
density of the color SU(2): 

£ = i4>aa(5abdt - i(a )ab)lpba 

1 . e 

+ ^—^aa( S ab9i ~ i~Z A i ~ ■i( a i)ab) 2 ^ba (7) 

2m 2 

Eq. (^) is the effective theory for $ b . Only the gauge 
invariant operators, such as the electron operator $ m , 
correspond to physical operators. To see that the ef- 
fective theory Eq. (]?]) describe a non-Abelian state, we 
integrate out the parton fields ip a a and obtain an SU (2) 
Chern-Simons (CS) theory at level k = 2: 

^Tre^ia^ax + ^a n a„a x ) (8) 
An 3 

Although the level k = 1 SU{2) CS theory contain only 
Abelian statistics, the level k > 1 SU(2) CS theory in- 
deed has quasi-particles carrying non-Abelian statistics. 

@ 

The edge states of the above non-Abelian state can also 
be obtained from the projective construction. For inde- 
pendent partons described by Eq. ([|) , the edge theory is 
simply given by free chiral fermions in 1 + ID: 

#L(<9t - vd x )tf) aa (9) 

The above edge theory is also described by the U(l) x 
SU spm {2) 2 x SU co i or {2) 2 Kac-Moody (KM) algebra. ||] 
The charge associated with the ?7(1) is just the electric 
charge of the electrons. The combination of the par- 
tons into electron is again realized by project into lo- 
cal SU co i or (2) singlet sector, which can be simply done 
by removing the sector generated by the SU co i or {2)2 
KM algebra from the edge spectrum. Thus the edge 
states of the non-Abelian state <E" h is described by the 
C/(l)i x SU spm {2) 2 KM algebra. 

Here we have assigned a level 1 to the U(l) KM al- 
gebra. The level characterizes how the U(l) charge is 
quantized. The definition of the level is the following. 
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We know that the edge theory contain electron operators 
The operators that create quasi-particles are the 
operators which are local respect to the electron opera- 
tors {ie their correlation with the electron operators are 
single valued). Let ipu(i) be the SU sp i n {2) singlet quasi- 
particle operator which carries the minimum (but non- 
zero) (7(1) charge. The correlation of tpu(i) nas a form 

^^ (1) (x)^[/(i)(Q)) ~ l/x h . Then the level of the 17(1) 
KM algebra is defined as I = 1/h. (According to this defi- 
nition, the (7(1) KM algebra that describes the edge exci- 
tations of the v = 1 jm Laughlin state can be more specif- 
ically denoted as (7(l) m KM algebra.) Since its edge state 
is described by the U{\)\ x SU sp i n {2)2 KM algebra, we 
will call the non-Abelian state $ fe the (7(l)i x SU sp i n (2) 2 
state. Note that the (7(l)i x SU sp in{2)2 non-Abelian 
state can have a bulk effective theory which is a purely 
SU co ior(2)2 CS theory. 

A slightly more complicated non-Abelian state of spin- 
1 fermionic electrons is given by 

$ / (zi,mi;z 2 ,m 2 ;...) = JJ(^i - Zj) x 

Xs{zi,ar,...) X s{zi,Pii..)C^ i ...C™ i % (10) 

To obtain the projective construction, we need to split 
the electron into one charge e/2 parton tpQ an d two charge 
e/4 partons ip a \ a = 1,2: 

*mC*) = M z )i>acz{z)llj b f}(z)e ab C™p (11) 

Following the similar arguments used above, we obtain 
the effective theory for $^ : 

ii^lidt + 2ib )ip + y~ ^\{di - i~At + 2ib ) 2 ^ 

+iipl a (6abdt - i(a>o)ab - ib 5 ab )ip ba 

1 e 
+ 2^ia(<% - ~ ia i ~ ib )l b tp ba (12) 

Here an extra (7(1) gauge field & M is introduced to com- 
bine -00 and -01,2 together. Note that the electron 
operator carries no charge. After integrating 
out the parton fields, the effective theory becomes the 
(7(1) x SU{2) 2 CS theory. The edge states for inde- 
pendent partons are described by the (7(1) x (7(1) x 
SU sp i n {2)2 x SU co i or {2)2 KM algebra. After the projec- 
tion, the edge states for the fermion non-Abelian state 
are described by the 

(7(1) x U{\) x SU spm {2) 2 x SU color (2) 2 
(7(1) x SU color (2) 2 
= U(l) 2 x SU spin (2) 2 (13) 

KM algebra. 

More general non-Abelian state of spin- 77 electrons is 
given by 



^ ( - n ' k \z 1 ,m 1 ;z2,m 2 ;...) = JJ(^ - Zj) k x 

ail-.«nl " oik ..otnN 

Xs{z\,au] z N , a 1N )...x.s(zi,a nl ; z N , a nN ) (14) 

where (7™ a ^ form a basis of rank- n symmetric tensors, 
and m is the quantum number of the total spin S z for 
each electron. In the bulk, the above state is described by 
the ((7(l)) fc x SU co i or (n)2 effective CS theory. The edge 
excitations are described by the (7(l)fc + » x SU sp i n (2) n 
KM algebra. Such a state will be called U(l)k+% X 
SU sp i n {2) n non-Abelian state. 

The above result provides an example that the group 
for the edge KM algebra, U{l)k+& x SU sp i n (2) n , and 
the group for the bulk CS effective theory, ((7(l)) fe x 
SU co ior{n)2, can be quite different. 

III. PROJECTIVE CONSTRUCTION AND THE 
EFFECTIVE THEORY OF PFAFFIAN STATE 

Using the U(l)k+a x SU sp i n (2) n non-Abelian states, 
we can construct new types of non-Abelian states. Let 
us start with the simplest (7(l)i x SU sp i n (2) 2 state. 

To construct a new non-Abelian state from the (7(1) 1 x 
SU sp i n (2)2 state, we simply make a further local projec- 
tion S z — 0, in addition to the local color singlet projec- 
tion. This S z = projection can be realized by identify- 
ing 

* e = 7/|*m=o (15) 

as the only physical electron operator. \J/ m=±1 are re- 
garded as unphysical since S z ^ 0. The physical Hilbcrt 
space is generated by ^ m= o only. Therefore after the 
S z = projection, the wave function of the new non- 
Abelian state is given by (see Eq. (j|)) 

Z N ) = (0| J| ^e{zi)\% arton ) (16) 

i 

which can be regarded as a wave function of spinless elec- 
trons. 

The projective construction allows us to obtain the low 
energy effective theory for the above new non-Abelian 
state. At Lagrangian level, the S z — projection can 
be realized by introducing an extra (7s z (l) gauge field c M 
that couples to S z . This yield the effective theory for the 
new non-Abelian state: 

tylatfabSapdi ~ i5 a p(a ) ab - iCQ(r^S ab )lp b i3 
1 e 

+ - * ^ ~ ~ iCo<j3 )a«,b^V , b/3 (17) 

After integrating out the fermions, we get a (7s z (l) x 
SU co i or {2)2 CS theory. 
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The edge excitations of the state can also be ob- 
tained through the projective construction. Since the 
<fr p ^ state is obtained from the x SU sp i n {2)2 state 

by making an additional local 5^ = projection, thus 
the edge states of the $> p * state can also be obtain from 
that of the U(l)i x SU sp i n (2)2 state by making a lo- 
cal S z = projection. Note that the edge excitations 
that correspond to the S z fluctuations is described by the 
Us z (l) KM algebra generated by the S z current. Thus 
the edge excitations of the <& p ^ state is described by the 
x {SU spm {2) 2 /Us z {^)) coset theory. Since 
the SU sp i n {2)2/Us I (1) coset theory is nothing but an 
Ising model (or a Majorana fermion theory) with the 
central charge c = 1/2, |^4| the edge theory for new non- 
Abelian state can also be denoted as U(l) i x Ising theory. 

The second way to obtain the edge theory is to note 
that all edge excitations are generated by ^f e in Eq. ji~5| ) 
and Thus we can use the algebra of (^f e , ^\) to 

describe the edge excitations. The algebra of (^f e ,^l) 
can be obtained from their operator product expansion 
(OPE), which can be calculated easily since \t e can 
be expressed as a product of free chiral fermion oper- 
ators Eq. ([ll]). Using the OPE for free chiral fermions 
tp{z)tp^{Q) = 1/z, we find the following closed OPE gen- 
erated by (* e , 



*t( z )tf e (Q) 
* e (z)*t(0) 

J(zM(0) 



Z 7 

z z z 

*e(0) 



*e(0) 

Z 

1 



--rO(z°) 
+ 0(z°) 



J(z)J{0) = — + 0(z z ) 
z z 



It is not hard to see that 



1 



(18) 



(19) 



To obtain the Hilbert space generated by (^ e ,\l/T) (or 
equivalently, to find the representation of the above OPE 
Eq. (|l8|)), we note that in addition to the representation 
Eq. (jig), the following representation of ^ e 



9, 



ipn, = rftjr 



(20) 



also reproduces the exactly the same OPE Eq. (18). 
(Here ip is a free chiral fermion, 7/;(z)t/^(0) = 1/z, and 
n a Majorana fermion, 77(2)77(0) = 1/z.) Thus ^! m= o 
and t/>77 have exactly the same correlations, and we can 
identify ^ m= o = ^n. Since the electron operator \& e can 
be expressed as a product of a free chiral fermion ip in 
the U(l) theory and a Majorana fermion 77 in the Ising 
theory, and since all physical edge excitations are gener- 
ated by electron operators, the edge theory of the new 



non-Abelian state is described by the U(l) x Ising CFT 
theory. 

To obtain an explicit expression of the wave function 
for our new non-Abelian state, let us first review a rela- 
tion between the edge theory and the bulk wave function. 
B As we mentioned above that for independent partons, 
the edge state is described by free chiral fermions ip aa (see 
Eq. (0)). This edge theory and the indcpendent-parton 
wave function Eq. (^) are closely related. As pointed 
out in Ref. j|, the following correlation in the 1+1D free 
chiral fermion theory 



(21) 



=1..JV 



is proportional to the analytic part of the spinlcss elec- 
tron wave function of filled first Landau level, IJij^ — 
Zj)e~^ / 4 . Here ip is a free chiral fermion field, z is 
given hy z = x — vt = x + ivr for complex time r = it, 
and e 1 ^^ = ip(z) is the bosonized form of the free chiral 
fermion operator. One can show, through bosonization, 
that ^d x (j) = ip*(x)i/j(x). 

Generalizing the above relation, we find that 



-iiAT0(2oo) 



Xar l (4 1) ' Q; i; ■■■)Xan{z\ Z ',(3 1 ; ...) 



=1..N 



(2) 



(22) 



where Xan{z\, a±; ...) is the analytic part of Xs{zi, on; ...), 
and ^d x <f> = iji\ a (x)ip aa (x), which is the total density 
operator of the fermions ip aa ■ We see that (the analytic 
part of) the independent-parton wave function can be 
expressed as a correlation of the independent parton op- 
erators. 

Similarly, after combining the partons into electrons, 
the wave function $ b for the E/(l)i x SU sp i n (2)2 non- 
Abelian state can be expressed as a correlation of the 
electron operator. Actually from Eq. (Q) and Eq. (p^), 
we see that 



n 



^ n (z ls m i; ...) (23) 



i=l..N 



where § b an (zi, mi; ...) is the analytic part of the <& b in 
Eq. (Q). Note that both e - 2lJV * and * mi are SU co i or {2) 
singlets. Thus they are operators in the projected 
x SU spm {2) 2 theory. 
Now it is clear that the wave function of the new non- 
Abelian state can also be expressed as a correlation. 
The analytic part of <& p * is 



e -iiW0( Zoo ) 



JJ * (*))~ (24) 



-1..N 



Since ^ e (z) is simply a product of free fermion opera- 
tors, the expression Eq. (p3) can help us the calculate the 
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wave function. Note that ^ e (z) can also be expressed as 
fy e = ipr). This allows us to calculated the wave function 
of our non-Abelian state more easily: 



$^i(z 1 ,...,z JV )(x(e-^( z ~) J] * e (i 
1 1 



i=l..N 



A 



Zl - Z 2 Z 3 - Zi 



(25) 



where A is the total anti-symmetrization operator. The 

first factor A { — — ... ) comes from the n correla- 

y zx-z-i ) 1 

tion and the second one Yiuj) ( z * ~ z i) fr° m the ip corre- 
lation. From the explicit form of the wave function, we 
find that our new non-Abelian state is actually not new. 
It is nothing but the Pfaffian state (for bosonic electrons) 
first introduced by Moore and Read 

However, we did get some new results. Let us summa- 
rize the new results here: 

1. Using an algebraic method, we find that the Pfaf- 
fian state can be obtained from the projective con- 
struction. 

2. The projective construction allows us to derive the 
bulk low energy effective theory Eq. (|l7|), which is 
a C/ Sa (l) x SU color (2) 2 CS theory. 

3. The projective construction also allows us to obtain 
the edge effective theory, the U(l)i x I sing CFT 
theory. This agrees with the old results obtained 
using different methods. @|[[|l||n| 

The projective construction can also be applied to 
other (non-)Abelian states, which allows us to gener- 
ate many new non-Abelian states. In the following, as 
examples, we will only give the final results of several 
other non-Abelian states obtained using the projective 
construction. 

Making the S z = projection for the U(l)2 x 
SU sp i n (2)2 non-Abelian state, we obtain the following 
results: 

1. The Pfaffian state for (fermionic) eletrons can be 
obtained from the projective construction. Let ^> e 
to be * m=0 in Eq. (|ll|), or 

* e (z) = l/} {z)(lpal(z)i>b2(z) + 4> a 2 (z) Tpbl (z))e a b, 

(26) 

then the wave function of the fermionic Pfaffian 
state can be expressed as 



-iNct> t .(z ao ) 



n 



cx A 



i=l..N 
1 



zi - z 2 z 3 - z 4 



Y[(zi - Zj 

(ij) 



(27) 



The above result implies that the fermionic Pfaffian 
wave function can be obtained from the wave func- 
tion Y\(zi - Zj)x 2 s of the U(l)2 x SU spm (2) 2 state 
through the S z — projection. 

2. The bulk low energy effective theory for the 
fermionic Pfaffian state is given by 



iipl(d t + 2ib Q )^ + —tpl(di - i^Ai + 2ib ) 2 ^ Q 

+i^i a (Sa/3$ab{dt - ib ) - i5 a p(a Q ) ab - icoSabal^tpbp 

1 e 
+ 2m^ aa<ydl ~ *4 Ai ~ i<Xl ~ ibi ~ i ° i(T ^«^ ba (28) 

Comparing to Eq. ([l2]), we introduced an addi- 
tional Us z {l) gauge field c M to perform the S z — 
projection. After integrating out the fermions, we 
obtain the 17(1) x C/ 5z (l) x SU co i or (2) 2 CS the- 
ory. This effective theory, at least formally, is quite 
different from another effective theory obtained in 
Ref. [jL7| for the same fermionic Pfaffian state. 

3. The edge effective theory obtained from the projec- 
tive construction is the 



U(l) x U{1) x SU spm (2) 2 x SU color (2), 

U(l) x U S ,(1) x SU color (2) 2 
t7 (1)2 x Ising 



(29) 



KM algebra. 



Making the S z = projection for the f7(l)fc+« x 
SU sp in(2) n=cvcn state (with wave function $(™' ,c ) in Eq. 
fll4D), we obtain the following results: 

1. The bulk low energy effective theory of the con- 
structed state is given by (J7(l)) fe x Us,(l) X 
SU co i or (n)2 CS theory 

2. The edge effective theory obtained from the 
projective construction is the U(l)k+a x 

{SU spin (2) n /U s ^)) - C/(l) fe+f x PF n CFT the- 
ory. Here PF n is the Z n parafermion theory. |2^] 
Note that Ising = PF 2 . 

3. The electron operator is given by \& e = Ae 27 * in 
the U(\)k+^ x PF n theory, where A is the Z n 
parafermion current operator ip n / 2 (see Ref. [ p3[ , 
Ref. |Q and Ref. ||). Therefore the wave function 
for the constructed non-Abelian state is a correla- 
tion function of the parafermions times Ilr/l 2 ^ — 

2 

Zj) 1 . We would like to point out that this state 
is not the parafermion non-Abelian state studied 
in Ref. p7| when n 7^ 2. The latter is constructed 
using parafermion current operator 



We note that when n 
OPE 



4, the i>2 has the following 
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^2(^2(0) ~ \ 



(30) 



where n a 



(m) 



0, 1. The total charge of the electron op- 



Thus the above U(l)k+2 x PF± state is just the d-wave 
paired state introduced in Ref. H . 



IV. PROJECTIVE CONSTRUCTION - A 
GENERAL DISCUSSION 

The low energy effective theory of QH liquid, for ex- 
ample the one for the bosonic PfafHan state Eq. (]Tl]) , has 
a finite energy gap for all its excitations (on a space with 
no boundary). Thus naively one might expect the low 
energy effective theories for QH liquids are trivial since 
there are simply no low energy excitations. Certainly this 
point of view is incorrect. The effective theories for QH 
liquids have non-trivial ground state degeneracies which 
depend on the topology of the space. |Q Such theories are 
called topological theories. jl9| Different QH liquids (or 
topological orders) are described by different topological 
theories. Thus we can say that the topological orders 
in QH liquids are characterized by topological theories, 
just like symmetry broken phases are characterized by 
Ginzburg-Landau theories. In many cases, a topological 
theories can take many different forms. Thus to know 
whether two topological theories are equivalent or not, it 
is important to compare their physical properties, such 
as the ground state degeneracies. It is those physical 
properties that define a topological theory. 

One important issue is that given a QH liquid, how to 
derive its effective topological theory which describe the 
topological order in the QH liquid. From the discussions 
in the above sections, we see that if a QH liquid can be 
obtained through the projective construction, then there 
is a way to calculate its effective topological theory. In 
the following, we will give a general discussion of the pro- 
jective construction. 

One starts with a few parton fields ipa (where a = 
1, ...,n), each with electric charge Q a . Thus for indepen- 
dent parton model, the effective theory is 

C eff = ii>td t Tp a + ^t(di - iQaAi) 2 1pa (31) 

However, the Hilbert space generated by the par- 
ton fields (ip a ,ip\) is simply too big. The phys- 
ical Hilbert space, generated by electron operators 
(^f e ,^l) and the electrical current operators (Jo,Ji) — 
(J2a 4>lQa4>a,lm J2 a 4>lQad t ip a ), is a subspace of the par- 
ton Hilbert space. Thus it is extremely important the 
give the definition of electron operators, in order to even 
define the theory. In general, there can be several elec- 
tron operators. Here for simplicity we will only consider 
the case with one electron operator, which takes the form 



erator is e, hence 



Am) 



(33) 



for any m. Since the physical Hilbert space is generated 
only by the electron operators and the electrical current 
operators, our model is actually a gauge theory. Let 
Q be the group of transformations on the parton fields 
tf>a —> Wabi'b that leave the electron operator and the 
electrical current operators unchanged. By definition 



W^QW = Q, WeG 



(34) 



(32) 



where Q is a diagonal matrix with diagonal ele- 
ments (Qi, Q2, ■■•)■ Such a matrix is denoted as 
diag(Qx, Q2, •••)■ Note that the electron operator is in- 
variant even under a local transformation 

Mx) - w ab ( x )M*), w ab (x) e g (35) 

Because all the physical states are generated by the elec- 
tron operators and the electrical current operators, the 
transformation W a b(x) is actually a gauge transforma- 
tion. To realize the gauge structure (ie to project onto 
the physical Hilbert space), we need to include gauge 
fields in Eq. (|3l]) so that it has a proper gauge invari- 
ance. 

In general the gauge group Q can contain several dis- 
connected pieces. Let Q c be the connected piece of Q 
which contain the identity (and Q c itself is a subgroup 
of Q). Then the gauge structure associated with Q c 
can be realized through gauge fields a^(x) which take 
value in the Lie algebra of Q c , Lg c : a^(x) S Lg r . (eg if 
Q c = SU(n), then a^(x) are traceless Hermitian matri- 
ces.) After including the gauge fields, the parton theory 
becomes 

iif>i(8 ab d t - i(a )ab)ipb + - — - iQAi - ia t ) 2 ab ip b 

2m 

(36) 

The above Lagrangian is the low energy effective theory 
of the QH liquid. We would like to stress that the Eq. 
( |36| ) alone does not provide a complete description of the 
QH liquid. In particular, Eq. ( |36| ) only includes the 
gauge structure associated with Q c . Only Eq. (36) to- 
gether with the definition of electron operators Eq. 
provide a complete description of the QH liquid. The 
invariance of the electron operators (and the electrical 
current operators) gives rise to the full gauge group Q 
which may contain discrete gauge transformations, in ad- 
dition to the continuous transformation Q c described by 
the gauge fields a^. We will see later that the discrete 
gauge transformations are important and can affect phys- 
ical properties of the theory, such as the ground state 
degeneracies. 



G 



There is an important issue that we have overlooked in 
the above discussion. The Langrangian in general may 
not describe a state with finite energy gap. One way 
to get a state with finite gap is to assume each kind of 
partons form an integral QH state with filling fraction 
v a = m a . In the following we will examine when this as- 
sumption can be self consistent. Under the assumption 
v a = m a , we can integrating out the parton fields and 
get a CS theory 



C = ^-e^ x Tr(Ma^a x ) + ^-e» vX A^{MQd v a x ) 



^-e^ x A^A x Tr(MQ 2 ) 

47T 



(37) 



where M = diag(m 1; m 2 , ...). Here we have assumed that 
there is no gauge symmetry breaking (or no Higgs mech- 
anism). Therefore M and MQ must be invariant under 
the gauge transformation Q, which requires 



w^mw = m, w eg 



(38) 



The Eq. 



is obtained in the following way. First 



we assume et M to be diagonal, which can be regarded as 
gauge fields for the maximum Abelian subgroup of Q c . In 
this case one can obtain Eq. ( |37|) easily. Since we assume 
there is no gauge symmetry breaking, the effective theory 
has full Q c gauge invariance. This allows us to show that 
Eq. d37j ) to be valid for generic a M in Q c . 

The equation of motion dC/dao leads to a solu- 
tion di which can be chosen to be diagonal: <Zi = 
diag(a J - 1 \ a- 2 \ ...). We note that d^ are proportional 
f a A. t . If we shift a, to L = <z M + FA t 



to Aa 



=0) 



where F = diag(/i,/2, ■■•), then the equation of motion 
will give us a% = 0. The shift changes Q a - We see that 
one can redefine Q a through a shift of a M to make di = 0. 
In the following we will assume that Q a are chosen such 
that di = 0. This requires 



Tr(*MQ) = 



(39) 



for any matrix t in the Lie algebra of Q c . From 
dC/d(a ) aa = p a , we get the density of the a th parton: 



Pa 



1 

2^ 



m a Q a diAj€ tJ 



(40) 



Since Q a Ai happen to be the total gauge field seen by 
the a th parton, thus the a th parton always has a filling 
fraction m a regardless how we choose m a . Here we only 
require that m a are chosen such that M satisfies Eq. (38), 
it leads to cij = as a solution to the equation of motion, 
and p a are all positive. 

The Eq. ©, Eq. (§§), Eq. @, Eq. @, and 
Eq. (^) form a complete description of the QH liquids. 
One can calculate all physical properties, such as the 
ground state degeneracies, of the QH liquids from those 
equations. 



In the above discussion we only have one electron oper- 
ators. In general, there can be several electron operators, 
and the above discussion can be generalize in a straight 
forward way to cover those more general cases. For ex- 
ample the gauge group Q is formed by transformations 
that leave all the electron operators invariant. 

After setting up the bulk effective theory, it is easy to 
obtain the edge effective theory. For independent partons 
the edge states contain n e d ge = Yl a \ m a\ branches. Each 
branch is described by a free chiral fermion theory or a 
U(l) KM algebra. Thus the edge effective theory for the 
independent partons is given by 



Cedge = W a l(9t ~ V a d x )tp a l 



(41) 



where 1 = 1,..., \m a \ and v a has the same sign as m a . The 
above theory is denoted as the U n " is ' ! (1) theory. The true 
edge effective theory for the physical states is obtained 
through the coset construction [M as the U n " ldg <'(l)/G 
coset theory. Note that we not only need to remove exci- 
tations associated with the Q KM algebra (which give us 
the U n < ld!! ''(l)/G c coset theory), we also need to require 
the physical states to be invariant under all the discrete 
gauge transformations in Q. Another way (which is con- 
ceptually better) to get the edge theory is to setup the 
OPE algebra of the electron and the current operators, 
and generate the edge states through the algebra. 

In the following we will outline how to calculate ground 
state degeneracy on torus. From Ref. [plf , we see that to 
get the ground state degeneracy on torus we may reduce 
the non- Abelian gauge fields to Abelian ones, ie to reduce 
the gauge group Q c to the maximum Abelian subgroup 
Gabi which is formed by diagonal matrices. The Abelian 
version of the effective Lagrangian has a form 

iipl(d t - ia'pi^Ja + T—^lidi - iQ a A t - iajqifipa 



2m 



(42) 



where I — 1,...,k. The electron operator is given by 
Eq. (^||). The gauge invariance of the electron operator 
requires 



^Va = 



(43) 



for any m and / (see Eq. (|32|)). In addition to the Abelian 
gauge structure described by a 1 ^, there are also discrete 
gauge transformation generated by Wi € Q which leave 
the Abelian subgroup unchanged: 



(44) 



w}G aU Wi = g ab 



The above W^s form a discrete group. The Eq. (|4j 
can be reduced to the following matrix equation: Wi is a 
discrete gauge transformation if and only if Wi € Q and 
there exists a k x k matrix T, such that 



^ W i)baP I a {W i ) ac {T i ) IJ =p(5 bc 

a 



(45) 
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The Lagrangian in Eq. (|42|) and the electron operator in 
Eq. (^) are invariant under the discrete gauge transfor- 
mation 



Ipa -> (Wi) ab tp b 



a t -> { T i)u a t 



(46) 



(47) 



After integrating out the parton fields from Eq. (42) 
we obtain a U(l) CS effective theory 



KlJ a i H a « , ve2 a a A 

-aiu.o v aj\euv\ + -^—AnO^aixe^x + — — A.u,o v A\euv\ 
Ztt ' ~ 



4tt 



where 



47T 



(48) 



a 
a 

_ Y^a m aQaQa 



(49) 



Since we require a, = to be a solution to the equation 
of motion, m a must be chosen to satisfy 



^2 ma-QaPi = qi = 



(50) 



for all /. (Note that Eq. ( p0[ ) is just a special case of 
Eq. (|39|).) m a should also satisfy Eq. (p8[). For such m a , 
f becomes the total filling fraction of the QH liquid. 

Now let us use the Abelian version of the effective the- 
ory to calculate the ground state degeneracy on torus. 
Following Rcf. po| , pl[ , the low energy degrees of freedom 
are described by u and v: 

a{(xi,x 2 ,t) = 2tt^P-, ai(xi,x 2 , t) = 2tt^^- (51) 

where L is the size of the torus. Substitute Eq. ( |5l| ) into 
Eq. ©, we get 



L = 2t:KjjVjUj 
which leads to the following commutator: 
[ui,vj] =i{K- 1 ) IJ /2ir 



(52) 



(53) 



The large gauge transformation ip a — > e' 2 ™'?^/ 1 ^ gen- 
erate an equivalence relation 



and n satisfy 



u ~ u + n 



njp a = integer 



(54) 



(55) 



for all a. The vectors n that satisfy the above condition 
form a lattice whose basis vectors are denoted as ej. This 
lattice will be call the e-lattice. The physically distinct 
u points are all in the unit cell of the e-lattice. 

Since the conjugate variables v also have the same 
equivalence relation Eq. (|54|), the allowed value of u 
are quantized. To describe this quantization, let us 
use the symmetric matrix K to define an inner product 
U\ ■ U2 = unKijU2j (which may not be positive defi- 
nite). Introduce a dual lattice (which will be called the 
d-lattice) with the basis vectors dj: 



dj ■ ej = 8 



u 



(56) 



Then the allowed it's all lie on the d-lattice, and the 
ground states are labeled by the lattice points on the 
dual lattice [^0|j2l| 1. However, the points connected by 
vectors in the e-lattice are gauge equivalent: 



u 



u + ej, u 6 d-lattice 



(57) 



Thus only the d-lattice points which lie inside the unit 
cell of the e-lattice can represent independent ground 
states. 

For ease of calculation, let us redefine the gauge fields 
a 1 to make the basis of e-lattice to be the standard basis 
vector (ie {e-i)j — 6u). We will call such a basis the pri- 
mary basis. For the primary basis, have the following 
two properties 

1. p J a are all integers. 

2. When viewed as n-dimensional vectors, the vec- 
tors p 1 span a k dimensional "volume" in the n- 
dimcnsional space. This k dimensional "volume" 
does not contain any rt-dimensional integer vectors. 
(Otherwise, we can choose a new set of p / |/=i.. K 
that span a smaller cube.) 

From Eq. (fl9]), it is clear that K is a, symmetric integer 
matrix. This K matrix is similar to the K matrix in the 
if-matrix description of Abelian QH states [[| . For the 
primary basis, the basis vectors of the d-lattice are given 
by the columns of K~ x . The number of the d-lattice 
points that lie inside the unit cell of the e-lattice is given 
by |det(iO|. 

For Abelian QH liquids, each point in the unit cell of 
the e-lattice labels distinct ground state, and the ground 
state degeneracy is given by |det(if)| [p]j25|]. However, 
for non-Abclian states, there are additional equivalent 
relations: [Ell 



TiU, u G d-lattice, 



1,2,. 



(58) 



where Tj are linear maps which map a d-lattice point to 
another d-lattice point. Under the equivalence relation 
Eq. ( pq ) different d-lattice point in the unit cell of the 
e-lattice can represent the same ground state. Thus only 
the points in the folded unit cell represent distinct ground 
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state. M Therefore, to calculate the ground state degen- 
eracy on torus, we need to know K and Tj. 

Now let us describe how to get the maps Ti. Recall that 
in addition to the Abelian gauge transformations in Q a u , 
there are additional discrete gauge transformations Wi 
as defined in Eq. ([l5|). Since Wi is a gauge transforma- 
tion, the physical states must satisfy Wi \phys) — \phys) . 
The gauge transformations Wi induces a gauge transfor- 
mation on a^: — + (Ti)jja^, where Ti is obtained from 
Eq. (pl5|). Therefore a 1 and (Ti)jja J , hence u and Tjiz, 
are equivalent points. 

We would like to point out that the above result of 
ground state degeneracy on torus is correct only when 
Q has no disconnected pieces. When Q has disconnected 
parts, the above result needs to be modified. Let us as- 
sume Q has a form Q = Q c ® Qd where Qd is a discrete 
group. Then the low energy effective theory is a (Q c CS 
theory) x(Qd gauge theory). The above calculation only 
calculates the ground states from the Q c CS theory. We 
know that the discrete Qd gauge theory has \Gd\ 29 degen- 
erate ground states on a genus g surface, where \Gd\ is the 
number of elements in Qd- Thus the total number of the 
ground states is given by the number of ground states of 
the Q c CS theory times \Q d \ 2g - 

Before ending this section let us summarize the steps 
of the projective construction as follow: 

1. Introduce a few partons il> a \a=x..n- 



2. Introduce a few electron operators 



(which generalizes Eq. (132)). 



(59) 



3. Assign charge Q a to each parton such that the elec- 
tron operators all have charge e. 



4. Find the gauge group Q (see Eq. (p5|)) that leaves 
the electron operators \t e and Q unchanged (see 
Eq. ©). 

5. Find the filling fractions m a which satisfy Eq. ( plj ) 
and Eq. (§|). 

This leads to a QH state with wave function 



$({z«,...,z«» = (oin[*? , (4 o )...*i a, (*S)]i* 



parton/ j 



(60) 



where ^> pa rton is the free parton wave function in which 
the a th kind of partons form a v — m a QH state: 



^parton — J_J_Am a V^l T---i^N a ) 



given by Eq. ( |36| ) (or Eq. (j3j])). The edge effective the- 
ory is the t/£ r™"'(l)/£7 coset theory. The filling fraction 
f is given by ^ = J2 a m a Q 2 a /e 2 . 

To obtain the Abelian version of the effective theory, 
we also need to do the following 

1. Find a set of linearly independent integer vectors 
P J |/=1..«, such that P 1 = diag(p{,p^, ...,pf t ) is in 
the Lie algebra of Q c . We also require p 1 to span a 
K dimensional "volume" in the n dimensional space 
that does not contain any integer vectors. 

Given p 1 , Eq. ( fi~4| ) and Eq. ( ^B| ) determine the 7j matrix. 
Eq. ( ^9| ) determines the if matrix. Ti, K and al- 
lows us to determine the ground state degeneracy on the 
torus. 



V. APPLICATIONS OF PROJECTIVE 
CONSTRUCTION 



Now let us apply the above general results to some 
simple cases to gain better understanding of the projec- 
tive construction. First let us split an electron into two 
partons 



with charges Q\ = e— 



(62) 

h+h and Q 2 = e^. If h ? h the 
gauge group is U(l): Q = {e t6T3 }. The effective theory 
is Eq. (E3) with k = 1 and p 1 = (1,-1). It is clear 
that p 1 forms a primary basis, since the line from (0, 0) 
to (1,-1) does not contain any integer points. Let us 
consider a QH state in which the two partons form inte- 
gral QH states with filling fraction mi and mi. m a must 
satisfy Eq. © (or Eq. Q): 



mill — 7712^2 = 



(63) 



Thus 



mi = mfo, mi = ml\ (64) 
for an integer m. The filling fraction of the QH liquid is 



mlil\ ml\l\ 



(61) 



(/i + / 2 ) 2 Gi + M 2 

h + h 

The if -matrix is a 1 by 1 matrix: 

K = mh + mh = m(h + l 2 ) 



(65) 



(66) 



Here \i is the fermion wave function with / filled Landau 
levels. The bulk effective theory of the above state is 



Since there is no additional discrete gauge transforma- 
tions, the ground state degeneracy on torus is m(h +h)- 
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When to = 1% = 1 and l\ = I, we get a sequence of hier- 
archical state with filling fraction 1/2, 2/3,..., 1/(1 + 1), ... 
(which are similar to the 1/2, 2/5,..., 1/(21 + 1), ... states 
for the fermionic electrons). The ground state degenera- 
cies for those states are given by N& — 2, 3, I + 1, .... 
Since the first parton has filling fraction v — 1 and the 
second parton has v = I, the electron wave function has 
a form XlXl- 

According to the i^T-matrix description, |3| the effective 
theory of the XiXi state is given by 

£ = -r^-aifidvajxe^x (67) 

with K = Ii + C\ where is the I x I identity matrix 
and Ci is the / x I matrix with all its elements equal to 
1. However, according to the projective construction, the 
XiXi state is describe by 



r KlJ a 

>~ — —. — aj^o^ajxe^x 

47T 



(68) 



with lxl matrix K = (I + 1). Actually, there is no 
contradiction here. C and C are equivelant topological 
theories (for example, they have the same number of de- 
generate ground state) . C can be regarded as a dual form 
of C. 

We would like to remark here that showing the XiXi 
state can be described by a bulk effective CS theory with 
only one U(l) gauge field does not imply the XiXi state 
have only one branch of edge excitations. Actually the 
XiXi state have / branches of edge excitations. 

When to = — l<i = 1 and l\ — I, we get a sequence of hi- 
erarchical state with filling fraction 2, 3/2,..., 1/(1—1), ... 
(which are similar to the 2/3, 3/5,..., 1/(21— 1), ... states 
for the fermionic electrons). The ground state degenera- 
cies for those states are given by Nn = 1, 2, I — 1, ... 

If h = l 2 = 1, the gauge group is SU(2): Q = {e l0 T }. 
Now mi and m 2 must be equal (see Eq. (|38|)): m\ — 
m 2 = m. The resulting state is nothing but the SU(2) rn 
non-Abelian state discussed in Ref. § (m = 2 case was 
discuss in details in the section |l|) . Its wave function is 
given by Xm- The filling fraction is v = to/2. 

In the Abelian version of effective theory Eq. (fl2|), we 
have k = 1 and q 1 — (1,-1) as a primary basis. In addi- 
tion to the Abelian gauge transformation, we also have a 
discrete gauge transformation W — iti. Such a discrete 
gauge transformation induces a "gauge" transformation 
on the Abelian gauge field — ► — (ie T = — 1 in Eq. 
([l5|) ). The ^T-matrix is K — 2m. The 2m d-lattice 
points in the unit cell of the e-lattice are 0,1/2to,..., 
l/2m,..., (2m— l)/2m. The T = — 1 transformation leads 
to an equivalence relation I /2m ~ —I /2m ~ (2m — I) /2m. 
Thus the SU(2) m non-Abelian state has m+1 degenerate 
ground states on torus. 

Next we start with four different partons all with the 
same charge Q a = 1/2. The electron operator is chosen 
to be 



(69) 



[which is Eq. ( |i~5| ) if we identify (tpi, tpi) — 
(ipii;,il)il,^2],^2i)]. The gauge group Q c is generated by 
10 generators: Ti®oo, r,(H)(Ti, Ti®<j-2, and to® 03, where 
To = uq are the 2 by 2 identity matrix. It turns out that 
Q c is the SO(5) (or Spi) group in its 4 dimensional rep- 
resentation. It appears that Q has no disconnected pieces 
and Q = Q c . To be consistent with the gauge invariancc 
Eq. (pq), the partons must all have the same integer fill- 
ing fraction v a = m. The effective theory is given by Eq. 
( |36| ) with a M in the Lie algebra of the SO (5) gauge group 
Q c . After integrating out the fermions , we get a SO(5) m 
CS theory. 

The Abelian version of the effective theory Eq. (142 
has K — 2 and 



(p\,...,p\) = (1,0,0,-1), (p\,...,pl) = (0,- 



-1,1,0) 
(70) 



The parallelogram spanned by p 1 and p 2 does not con- 
tain any integer points. Thus p 1,2 is a primary basis. The 

K-matrix is (see Eq. (fl9]) N ' ' ""' 



K 



The d- 



2to^ 

lattice is generated by the basis d 1 = (l/2m, 0) and d 2 = 
(0, l/2m). The 4to 2 d-lattice points in the unit cell of the 
e-lattice are (k\/2m, ki/2m) with ki, = 0, 2to — 1. 
The electron operators is invariant under the following 
three transformations 



Wi 



W 2 



10^ 
1 
10 
10 0, 
f OOP 
10 
10 

V-i 000, 

/l 0^ 
0-10 
10 

Vo i, 



(71) 



This induces three mappings on u (see Eq. (bq 
T ,'0 1 

T 2 = 
T 3 = 



1 

-1 
1 

1 

-1 



(72) 



T2,3 lead to equivalence relations (k\/2m,k2/2m) ~ 
((2m-k 1 )/2m,k 2 /2m) - (k 1 /2m, (2m - k 2 )/2m). Thus 
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k±,k2 — 0, ...,m label all the independent states. T\ 
gives rise to an equivalence relation (ki/2m, kifem) ~ 
(fe^ro, fci/2m). Therefore, the QH state obtained 
through the above projective construction has ( - m "^ 1 - ) — h 
mj-L = ( m + 1 H m+2 ) degenerate ground states on a torus 
(represented by points (ki/2m,k2/2m) with k\,ki = 
0, m and k\ < h?). 

Note that when m = 1 the above projective construc- 
tion is just the construction used in section III to con- 
struct the filling fraction v — 1 bosonic Pfafhan state 
with wave function j n Eq. (||). We see that the 
v = 1 bosonic Pfafhan state has 3 degenerate ground 
state on torus. This result agrees with a previous result 
obtained from wave function. |l5|,[nj When m > 1, the 
above construction produces new non-Abelian states. 

In section |||, the bulk effective theory for the v = 1 
bosonic Pfafhan state was found to be the Us x (l) x 
SU co i or (2) 2 CS theory [see Eq. (|l7|)]. From the above 
discussion, we see that he correct bulk effective theory 
should the 50(5)i CS theory. However, it is not clear 
if the Us z {l) x SU co i or (2)2 effective CS theory is simply 
incorrect or it is equivalent to the 50(5)i CS theory. On 
torus both theories give 3 degenerate ground states. Also 
The edge excitation for the v = 1 bosonic Pfafhan state 
should be described by the £/ 4 (l)/50(5)i coset theory. 
Note that U A {1) = U(l)xSU spin (2) 2 xSU co i or (2) 2 theory 
can be described by 8 free Majorana fermions. The U(l) 
KM algebra can be described by two Majorana fermions 
(Reip, Imifj), the SU sp i n (2)2 KM algebra by three Majo- 
rana fermions (?7™|m=i,2,3), and the SU co i or {2)2 KM al- 
gebra also by three Majorana (r)% | a =i,2,3)- The 50(5) 
gauge held couples to (tjI' 2 ' 3 , rjl' 2 ) and the projection 
to the 50(5) singlet sector given us C/ 4 (l)/50(5)i = 
U(l) x I sing theory described by (0, Thus effec- 
tive edge theory - the U(l) x Ising theory - obtained in 
section III is still valid. 

We can also start with hve different partons with four 
partons 0i, 2,3,4 carrying charge ^1/2(^2+^2) and the hfth 
parton carrying charge el%/(li + 1%). The electron opera- 
tor can be chosen to be 



1 

71 



(73) 



(which is Eq. ( p6|) if we identify (^1, ^5) = 
C0iT,0H,02T, ^21, 0o))- The gauge group Q c is gener- 
ated by 11 generators. The hrst 10 generators r» <£> cro> 
n ® ax, n ® (72, and to ® 0-3 act only on -01,2,3,4- The 
last generator is given by diag(l, 1, 1, 1, — 2). Q c is the 
50(5) xU(l) group. Again Q has no disconnected pieces 
and Q = Q c - To be consistent with the gauge invari- 
ance Eq. ([38]), the hrst four partons all have the same 
integer filling fraction v a = mi and the last parton ^5 
has filling fraction m^. Eq. (39) (or Eq. (|50|)) requires 
mih — hiTi5 = 0. Therefore 



The effective theory is given by Eq. ( |36| ) with a M in the 
Lie algebra of the 50(5) x U(l) gauge group Q c . After 
integrating out the fermions , we get a 50(5) mi x U(l) 
CS theory. 

The Abelian version of the effective theory is Eq. (|4~ 
with 



(p\,...,p\) = (1,0,0,-1,0), 
(pl,...,p 2 5 ) = (0,-1,1,0,0), 

(pl-,pl) = (0,1,0,1,-1) 



(75) 



The "volume" spanned by p 1 ' 2,3 does not contain any in- 
teger points and p 1 ' 2 ' 3 is a primary basis. The if-matrix 
becomes 



K = 




(76) 



The electron operators is invariant under the following 
three transformations which also leave the Abelian gauge 
structure unchanged 



W! = 



/0 1 0\ 

1 

1 
10 

Vo 1/ 



w 2 



( 








1 







1 

















1 








-1 














V 











1/ 













°\ 


(0 





-1 











1 




















1 





Vo 











1/ 



w 3 



This induces three mappings on u (see Eq. (pq)) 



Ti = 



To = 



n = 



(77) 




(78) 



mi = ml2, TO5 = ml\ 



(74) 



To calculate the ground state degeneracy on torus, 
let us consider only a simple case li = I2 = m = 
1. The corresponding HQ state is just the fermionic 
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Pfa ffian state at filling fraction 1/2 with wave func- 



44 405 (1995 ); A. Zee, "Quantum Hall Fluids," |cond 



tion Eq. 
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From K 1 



1 5 2 

2 2 4 / 

we find that the d-lattice is generated by the basis 
d 1 = (5/8,1/8,1/4), d 2 = (1/8,5/8,1/4), and d 3 = 
(1/4,1/4,1/2). The eight d-lattice points in the unit 
cell of the e-lattice are (5/8,1/8,1/4), (1/8,5/8,1/4), 
(7/8,3/8,3/4), (3/8,7/8,3/4), (0,0,0), (1/4,1/4,1/2) 
(1/2,1/2,0), and (3/4,3/4,1/2). T 2 , 3 do not lead to 
any new equivalence relations. However, T\ gives rise to 
two equivalence relations (5/8, 1/8, 1/4) - (1/8, 5/8, 1/4) 
and (7/8,3/8,3/4) - (3/8,7/8,3/4). Thus the fermionic 
v = 1/2 Pfaffian state has six degenerate states on a 
torus. This result again agrees with a previous result 
obtained from wave function. (150 



VI. SUMMARY 

In this paper we introduced a powerful method - the 
projective construction - to construct many non-Abelian 
(and Abelian) states, which including the fermionic v — 
1/2 and the bosonic v — 1 Pfaffian states, and the d- 
wave paired non-Abelian state. What is more significant 
is that the projective construction allows us to calculate 
the bulk and the edge effective theories. We find that 
the bluk effective theory is a 5*0(5)1 CS theory for the 
bosonic v = 1 Pfaffian state, and a U(l) x 5*0(5)1 CS 
theory for the fermionic v = 1/2 Pfaffian state. Using 
the bulk effective theory, the ground state degeneracy on 
torus is calculated. 

However, it is unclear if the projective construction 
can produce all the QH states or not. We still do not 
known how to use the projective construction to con- 
struct the Haldane-Rezayi state. f2£| Although we under- 
stand a lot of physical properties of the Haldane-Rezayi 
state, we still do not know its bulk effective the- 

ory. 
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